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Abstract :

The Laplace operator is a second order differential operator often used in
theoretical physics applications. We wish to find a method to derive coordinates by
partial derivative using the Laplace operator. I will discuss curvelinear coordination in
the following chapters :

1- Cartesian Coordinates ( X,y , z)
2- Polarity Coordinates ( 1,6 )

3- Cylindrical Coordinates (p ,¢, z)
4- Spherical Coordinates (1,6, ¢)

5- Parabolic Coordinates (u, v, 8 )

6- Parabolic Cylindrical Coordinates (u, v, z)
7- Curvilinear Coordinates, this general coordination

And we can use this coordination to derive more Laplace operators in any coordinates.
The question is, why is the Laplace operator used in more application in physics
electricity, and in wave functions', for example,

A wave function can be written,

V=y(x+ct)+y(x —ct)

Now we can derive the wave function,
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The last equation can give,
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In x,y,z coordinates,
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where the Laplace operator gives in 3D X,y,z :
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In the quantum mechanical and Schrodinger equation,
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And we can write d'Alembertian in spacetime ,
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some propertities of crul:
I-V®(kA)=k(V®A)
2-V®(fA)=f (V®A)+Vf ®A

3_V®(;1_ :f(V®A;;Vf ®A

And the properﬁes of the divergénce;
1-VIL{(kA)=k (VIA)
2-VI{(fA)=f (VIA)+VfI[A
3—V[(é :f (VDA):Vf ‘A
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What the Laplace operator in Cartestian coordination

The V is given by
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Laplace operator derivative by partial derivation:
The Laplace operator is given by V¥ where V is the function in x,y
I will assume the function V in x,y, derivative of Laplace in polar coordinates ( r,8 )

V=V(x,y)>x=rcosd >y =rsinf
By partial derivation,
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And the same in @4,
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We can solve the 2 equations by matrix operator or any methods given that,

oV dV  sin@ 9V 0 d sin@ 0
——=cosf - = =cosf ——
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and in they dimension
VvV . 0V cos@ 9oV 0 : 0 cos@ o
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oy or r d6 0x or r d6
0 0 6 9 0 60
v ~ (cos & sm )[(cos P vV sm vV )
ox ° or r or r 06
BZVZ :(cosei(cosﬁav _sin@ oV )_smH 0 (cosHaV _sin@ A% N
ox or or r 080 r 080 or r 080
oV 0 oV 0 sinddV _sind 0 dV sind i sin@ oV

—— =(c08s @— cos @—— —cos —

cosf—+
ox’ or or or r 98 r 06 or r 00 r 06



oV oV cos@sin @ oV sinfcos@® OV  sin*09V  sin®6V
=cos’ @ +2 -2 + +

ox * or’ r’ 00 r odr r* 096" r or

And in the y dimension
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The same algbera derivative gives,
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By addition, gives Laplace in x,y
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Laplace inr, 6

Cylindrical Coordinates (o ,¢, z)
The same method can we derive the Laplace operator in cylindrical coordinates

V =V(x,y,z)>x =pcosg >y =psing >z =7

By partial derivative

oV dV ox +av dy +8V 0z
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And the same in ¢ :

IV _9V ax vy AV 2
06 ox 99 9y 00 E)z Y
1%

@Z—pSin¢g+pCOS¢g




And the same in z
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By the same method in r, 8 can derivative in p,¢,z in the last give :
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Spherical Coordinates
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Derivative by Walton 1967, Arfken 19835, it is called the Spherical Coordinates
W=y(x,y,z)—>Xx =rcosfsing —y =rsinfsing -z =rcos¢

By partial derivative
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We can solve the system liner equation 1,2,3 by matrix inverse methods which give

w oy
or ox
lay/ =| —sin@sing cos@sin @ 0 8_;//

r% . : . dy
cos@cos¢ sinfsing —sing

cos@sing sinfsing cosgP

1oy Iy
r 0¢ 0z
By matrix properties, gives the inverse,
A= _j
DetA

cos@sing sinfsing cos@
A =|—sinfsing cos@sing@ 0

cos@cos@® sinfsing —sing@

By algebra solving the detriment A DetA =—sing give
—cosfsin® @ sin@ —cos@sing@cos@

A= —sin@sin®¢@ —cos@ —sin@sin@cos @
—sin ¢cos @ 0 sin” ¢



The inverse matrix gives,

cos@sing —— cos@cos @
sin
i : : cos @ .
A~ =| sin@sin ¢ . sin @ cos @
sin @
cos @ 0 sin @

Now we can find the equation solution by matrix

B_W cos @sin ¢ _s%né? cos @cos @ B_W
ox sin ¢ or
B_W =| sin@sin @ c?sé’ sin @ cos @ la—w
dy sin @ r 00
Iy cos @ 0 sin @ 1oy
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97 cosd _
an sing or rsing 96 * r 09
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